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Univariate Statistical Analysis
Lecture 6
Confidence Interval for

Population Mean
(Chapter 9, Section 9.3)

Today

» Define Confidence Interval
» Confidence Interval for a Population Mean

Revisit Lecture 5
Example 1 - Finding Area

The life of AA brand batteries is normally distributed with an average of
25 hours and a standard deviation of 4 hours. What is the probability
that a randomly selected battery can be last for:

a. between 23 and 28 hours
b. between 13 and 37 hours

Example 1 - Finding Area Cont’

Given p = 25,0 = 4and z:%

a. P(23 <x<28)

_r-w_2m-25 -2
T T T a T T

¥ —W_2-25_3_ . .o
o 4 4

So, P(23 < x < 28) = P(—0.5 < z < 0.75)
= P(z <0.75) — P(z < —0.5)
=0.7734 — 0.3085

= 0.4649

x=23 H=25 x=28
z=0.75

z=-0.5

Example 1 - Finding Area Cont’

- ¥

Given p =250 =4and z = o

b. P13 < x < 37)

_x-w_13-25 -12_
TTe TT a4 Tz T
x oW _3-2s_ 12
o 4 4

So, P(13<x<37)=P(-3<2<3)
=P(z<3)-Pz<-3)

=0.9987 —0.0013

=0.9974

99.74%

x=13 H=25 x=37

Example 1 - Finding Area Cont’

a. between 23 and 28 hours

P(23 < x < 28) = 0.4649

There is a 46.49% chance of getting a battery, which can be last for
between 23 and 28 hours.

b. between 13 and 37 hours
P(13 < x < 37) =0.9974
There is a 99.74% chance of getting a battery, which can be last for
between 13 and 37 hours.

That is an example of showing how we use the sample data to describe
the population scenario.

Given the x-values > z-scores> area (probability)
The reverse way is sorted of the process of constructing the Confidence

Interval. Given the area (probability) > z-scores > the interval
(lower and upper bound values)
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Confidence Interval, p

Confidence Interval z score
Population Mean p
z score B o
H=X* 7 (\/—ﬁ)

Sample data likely include the population parameter. Hence, based on

some confidence levels, we can predict or construct the (mean) interval p= Population Mean
for the population.

The One-Sample z Confidence Interval for X = Sample Mean
The general formula for a confidence interval for a population mean p when
X is the sample mean from a simple random sample, o = Population Standard Deviation

ally n = 30), and

1.
2. the sample size n is large (genes
3. ion, is known

o, the population standard devi:
n = Number of Samples

is

) « = Significant Level = 1 — Confidence Level = 1 - CL

20t o
X £ (z critical value)

z« = Critical Value
2

Example 2 - Scores Example 2 - Scores
Scores on a test are normally distributed with a population standard . i )
deviation of 15. A random sample of 30 scores on the test has a mean Estimate the population mean with

a. 90% confidence interval
Given o=15 n =30, ¥ =50,
Cl=90% =09 »x=1-0.9=0.1

of 50. Estimate the population mean with

a. 90% confidence interval
b. 95% confidence interval

c. 99% confidence interval Critical value = zx = zoa= 7y 5= —1.645
2 2

=50 + (1.645)(%)
=50 + (1.645)(2.74)

=50 +451
45.49 < p<54.51
0,
5o/ ‘ 90% ~ 5%
z=—1.645 z=1645
4 = 45.49  =5451

We are 90% confident that the population mean score is between 45.49 and
54.51.

Example 2 - Scores Example 2 - Scores Cont’

Estimate the population mean with
c. 99% confidence interval 1
Given o=15, n =30, X =50,
Cl=99% =099 - x=1-0.99 .
=0.01 a

Estimate the population mean with
b. 95% confidence interval

Given o=15, n =30, X =50,
Cl=95% = 0.95 - =1-0.95 = 0.05

Critical value = zx = zo.0s= Zg g25= —1.96
2

E Critical value = zx = zo.01= Zg 905
2 2 ®

_ o 2 o e
=Xt 7 (ﬁ) =—2.575 IS 00 00 00N 0w oo ]
H=Xt zx \/—_
=50 1 (1.96)(5) zZ \wn,
=50 +(1.96)(2.74
—s50 12.37 @74 =50 +(2.575)(G5)
=50 +(2.575)(2.74)
44.63 < §<55.37 =50 +7.05
[ 95% [ 9% Tom
2.5 42.95 < p<57.05 — =
2=-2575 2=2575
= 4463 4 =5537 u=4295 =575
We are 95% confident that the population mean score is between 44.63 and We are 99% confident that the population mean score is between 42.95 and
55.37. 57.05.




Example 2 - Scores Cont’

Z-value 1.645 1.96 2.575
Population Mean = 4549 < u < 54.51 44.63 < < 5537 42.95 < 1< 57.05

Assume other factors are remained the same, what’ s happen when C.I. increases?

Can we have 100% C.I. possible in real life?
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Practical Question 1 — z score

Suppose that a random sample of 30 observations from a population
whose standard deviation is 50 with a sample mean of 1,000. Estimate
the population mean with

a. 90% confidence interval
b. 95% confidence interval
c. 99% confidence interval

Answer:

a. 984.98 < £ < 1015.02
b. 982.11 < y< 1017.89
C. 976.49 < u<1023.51

Confidence Interval
Population Mean p
t Distribution
To be realistic, it is hard to know the population standard deviation, o.

Therefore, we use sample standard deviation, s, to estimate the
population standard deviation, o

Hence, we need another distribution when the g is UNKNOWN
- t distributions.

Important Properties of ¢ Distributions

1

. The t distribution corresponding to any particular number of degrees of freedom
is bell shaped and centered at zero (just like the standard normal (z) distribution).
2. Each ¢ distribution is more spread out than the standard normal (z) distribution.
3. As the number of degrees of freedom increases, the variability of the
corresponding 7 distribution decreases.
4. As the number of degrees of freedom increases, the corresponding sequence
of t distributions approaches the standard normal (z) distribution.

Confidence Interval
Population Mean p
t Distribution

zcurve

t curve for 12 df t curve for 4 df

Confidence Interval
Population Mean p
t Distribution

The One-Sample ¢ Confidence Interval for

The general formula for a confidence interval for a population mean g based on a
sample of size n when
1. X is the sample mean from a simple random sample,
2. the population distribution is normal, or the sample size n is large
(generally n = 30), and
3. o, the population standard deviation, is unknown

x * (t critical \“.lluC)( X, )
Vn

where the 7 critical value is based on df = n — 1. Appendix Table 3 gives critical
values appropriate for each of the confidence levels 90%, 95%, and 99%, as well
as several other less frequently used confidence levels

Confidence Interval, p
t Distribution

p = Population Mean

x = Sample Mean
s = Sample Standard Deviation
n = Number of Samples

df = Degree of Freedom= n—1 (The pieces of
information required to work out n, e.g. traffic light)

t = Critical Value
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Example 3 - Drive-Through Medicine
(p.477)

Given n =38, ¥ =26 and s = 1.57, normally
distributed. Estimate the population mean

with a 95% confidence interval. ; :% =0.025

Critical value = t,_; = t3g_1=t37
~2.021 (Appendix B TABLE 4)
s

p=X t ity (ﬁ)

2238

222

2412

=26 1(2‘021)(:75%
26 + (2.021)(0.25)
26 +£0.51

1259 | 6% | 2009 | 2403

25.49 < p1< 26.51 t=-2021
u=2549

We are 95% confident that the population mean
is between 25.49 and 26.51, (25.49 ,26.51).

Example 4

Given n=5, ¥ =30 and s = 1.45, normally
distributed. Estimate the population mean .

with a 90% confidence interval. ;:"71 =005

[ —

Critical value = t,_; =ts_1=t,
=2.132
s
p=X ttg (=)
vn
=30+(2.132) %)

=30 +(2.132)(0.648)
=30+1.38 90%

28.62 < p<31.38 t=-2132 t=2132
u=2862 u=3138

We are 90% confident that the population mean
is between 28.62 and 31.38, (28.62 ,31.38).

Practical Question - t Distributions
Exercise 9.37 What is the appropriate t critical value for part a, c and e
(page. 481)

a. CI =95%, n=17
t critical value = 2.12

c. CI=99%, n=24
t critical value = 2.807

e. Cl=90%, n=13
t critical value = 1.782

Conclusion

» Define Confidence Interval
» Confidence Interval for a Population Mean, B
» Population Standard deviation, 0O is known

> zscore

G lew ot (O
Y u=T otz ()

» Population Standard deviation, 0 is NOT known
» tdistribution

N s
» =X tar ()
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