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Univariate Statistical Analysis

Lecture 6

Confidence Interval for 
Population Mean

(Chapter 9, Section 9.3)

Today

➢ Define Confidence Interval 

➢ Confidence Interval for a Population Mean

Revisit Lecture 5
Example 1 - Finding Area

The life of AA brand batteries is normally distributed with an average of 
25 hours and a standard deviation of 4 hours. What is the probability 

that a randomly selected battery can be last for: 

a. between 23 and 28 hours

b. between 13 and 37 hours

Example 1 - Finding Area    Cont’

Given µ = 25, σ = 4 and 𝑧 =
𝑥 − µ

σ

𝒂.  𝑷(𝟐𝟑 ≤ 𝒙 < 𝟐𝟖)

𝑧 =
𝑥 −  µ

σ
=

23 − 25 

4
=

−2

4
= −0.5000

𝑧 =
𝑥 −  µ

σ
=

28 − 25 

4
=

3

4
= 0.7500

So, 𝑃 23 ≤ 𝑥 < 28 = 𝑃 −0.5 ≤ 𝑧 < 0.75
= 𝑃 𝑧 < 0.75 − 𝑃 𝑧 ≤ −0.5
= 0.7734 − 0.3085
= 0.4649

µ = 25 x = 28x = 23

z = 0.75
z = −0.5

𝟒𝟔. 𝟒𝟗%

Example 1 - Finding Area    Cont’

Given µ = 25, σ = 4 and 𝑧 =
𝑥 − µ

σ

𝒃.  𝑷(𝟏𝟑 ≤ 𝒙 < 𝟑𝟕)

𝑧 =
𝑥 −  µ

σ
=

13 − 25 

4
=

−12

4
= −3

𝑧 =
𝑥 −  µ

σ
=

37 − 25 

4
=

12

4
= 3

So, 𝑃 13 ≤ 𝑥 < 37 = 𝑃 −3 ≤ 𝑧 < 3
= 𝑃 𝑧 < 3 − 𝑃 𝑧 ≤ −3
= 0.9987 − 0.0013
= 0.9974

µ = 25 x = 37x = 13

z = 3z = −3

𝟗𝟗. 𝟕𝟒%

Example 1 - Finding Area    Cont’

a. between 23 and 28 hours
𝑷 𝟐𝟑 ≤ 𝒙 < 𝟐𝟖 = 0.4649
There is a 46.49% chance of getting a battery, which can be last for 

between 23 and 28 hours.

b. between 13 and 37 hours
𝑷 𝟏𝟑 ≤ 𝒙 < 𝟑𝟕 = 0.9974
There is a 99.74% chance of getting a battery, which can be last for 

between 13 and 37 hours.

That is an example of showing how we use the sample data to describe 
the population scenario. 

Given the x-values → z-scores→ area (probability)

The reverse way is sorted of the process of constructing the Confidence 
Interval. Given the area (probability) → z-scores → the interval 

(lower and upper bound values)
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Confidence Interval
Population Mean µ

z score 

Sample data likely include the population parameter.  Hence, based on 
some confidence levels, we can predict or construct the (mean) interval 

for the population. 

Confidence Interval, µ

z score 

µ = ഥ𝒙 ± 𝒛∝
𝟐

 (
σ

𝒏
)

µ = Population Mean

ഥ𝒙 = Sample Mean

σ = Population Standard Deviation 

𝒏 = Number of Samples

∝ = Significant Level = 1 − Confidence Level = 1 - CL 

𝒛∝

𝟐

 = Critical Value

Example 2 - Scores
Scores on a test are normally distributed with a population standard 
deviation of 15.  A random sample of 30 scores on the test has a mean 

of 50.  Estimate the population mean with 

a. 90% confidence interval
b. 95% confidence interval 
c. 99% confidence interval 

Example 2 – Scores    Cont’

Estimate the population mean with

a. 90% confidence interval
Given σ = 15,  𝑛 = 30, ഥx = 50,
 CI = 90% = 0.9 → ∝ = 1 − 0.9 = 0.1 

Critical value = 𝑧∝

2

 = 𝑧0.1

2

= 𝑧0.05= −1.645

µ = ഥ𝒙 ±  𝒛∝
𝟐

σ

𝒏

   = 𝟓𝟎 ± (𝟏. 𝟔𝟒𝟓)(
𝟏𝟓

𝟑𝟎
)

   = 𝟓𝟎 ± (𝟏. 𝟔𝟒𝟓)(𝟐. 𝟕𝟒)
   = 𝟓𝟎 ± 4.51

𝟒𝟓. 𝟒𝟗 ≤ µ ≤ 𝟓𝟒. 𝟓𝟏

We are 90% confident that the population mean score is between 45.49 and 
54.51.

𝟗𝟎%
5% 5%

z = −1.645 z = 1.645

µ = 45.49 µ = 54.51

Example 2 – Scores    Cont’

Estimate the population mean with

b.  95% confidence interval
Given σ = 15,  𝑛 = 30, ഥx = 50,
 CI = 95% = 0.95 → ∝ = 1 − 0.95 = 0.05 

Critical value = 𝑧∝

2

 = 𝑧0.05

2

= 𝑧0.025= −1.96

µ = ഥ𝒙 ±  𝒛∝
𝟐

σ

𝒏

   = 𝟓𝟎 ± (𝟏. 𝟗𝟔)(
𝟏𝟓

𝟑𝟎
)

   = 𝟓𝟎 ± (𝟏. 𝟗𝟔)(𝟐. 𝟕𝟒)
   = 𝟓𝟎 ± 5.37

𝟒𝟒. 𝟔𝟑 ≤ µ ≤ 𝟓𝟓. 𝟑𝟕

We are 95% confident that the population mean score is between 44.63 and 
55.37.

𝟗𝟓%
2.5%

z = −1.96 z = 1.96

2.5%

µ = 44.63 µ = 55.37

𝟗𝟗%
0.5%

z = −2.575 z = 2.575

0.5%

Example 2 – Scores    Cont’

Estimate the population mean with

c.  99% confidence interval
Given σ = 15,  𝑛 = 30, ഥx = 50,
 CI = 99% = 0.99 → ∝ = 1 − 0.99
= 0.01 

Critical value = 𝑧∝

2

 = 𝑧0.01

2

= 𝑧0.005

= −2.575

µ = ഥ𝒙 ±  𝒛∝
𝟐

σ

𝒏

   = 𝟓𝟎 ± (𝟐. 𝟓𝟕𝟓)(
𝟏𝟓

𝟑𝟎
)

   = 𝟓𝟎 ± (𝟐. 𝟓𝟕𝟓)(𝟐. 𝟕𝟒)
   = 𝟓𝟎 ± 7.05

𝟒𝟐. 𝟗𝟓 ≤ µ ≤ 𝟓𝟕. 𝟎𝟓

We are 99% confident that the population mean score is between 42.95 and 
57.05.

µ = 42.95 µ = 57.05
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Example 2 – Scores    Cont’

Stop and Think:
Assume other factors are remained the same, what’ s happen when C.I. increases?

Can we have 100% C.I. possible in real life? 

90% C.I. 95% C.I. 99% C.I.

Z-value 1.645 1.96 2.575

Population Mean 45.49 ≤ µ ≤ 54.51 44.63 ≤ µ ≤ 55.37 42.95 ≤ µ ≤ 57.05

Practical Question 1 – z score
Suppose that a random sample of 30 observations from a population 
whose standard deviation is 50 with a sample mean of 1,000. Estimate 

the population mean with 

a. 90% confidence interval
b. 95% confidence interval 
c. 99% confidence interval 

Answer:
a.  𝟗𝟖𝟒. 𝟗𝟖 ≤ µ ≤ 𝟏𝟎𝟏𝟓. 𝟎𝟐
b.  𝟗𝟖𝟐. 𝟏𝟏 ≤ µ ≤ 𝟏𝟎𝟏𝟕. 𝟖𝟗
c. 𝟗𝟕𝟔. 𝟒𝟗 ≤ µ ≤ 𝟏𝟎𝟐𝟑. 𝟓𝟏

Confidence Interval
Population Mean µ 

t Distribution

To be realistic,  it is hard to know the population standard deviation, σ.  

Therefore, we use sample standard deviation, s, to estimate the 
population standard deviation, σ.  

Hence, we need another distribution when the σ is UNKNOWN 
→ t distributions.

Confidence Interval
Population Mean µ 

t Distribution

Confidence Interval
Population Mean µ 

t  Distribution

Confidence Interval, µ 

t  Distribution

µ = ഥ𝒙 ± 𝒕𝒅𝒇 (
s

𝒏
)

µ = Population Mean

ഥ𝒙 = Sample Mean

𝑠 = Sample Standard Deviation 

𝒏 = Number of Samples

𝑑𝑓 = Degree of Freedom= n − 1 (The pieces of 

information required to work out n, e.g. traffic light)

𝒕 = Critical Value
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Example 3 – Drive-Through Medicine 
(p.477)

Given 𝑛 = 38, ഥx = 26 and 𝑠 = 1.57, normally 

distributed. Estimate the population mean 

with a 95% confidence interval. 
∝

2
=

0.05

2
= 0.025

Critical value = 𝑡𝑛−1 = 𝑡38−1= 𝑡37   
≈2.021  (Appendix B TABLE 4)

µ = ഥ𝒙 ± 𝒕𝒅𝒇  (
s

𝒏
)

   = 26 ±(𝟐. 𝟎𝟐𝟏)(
𝟏.𝟓𝟕

𝟑𝟖
)

   = 𝟐𝟔 ± (𝟐. 𝟎𝟐𝟏)(𝟎.𝟐𝟓)
   = 𝟐𝟔 ± 𝟎. 𝟓𝟏 

𝟐𝟓. 𝟒𝟗 ≤ µ ≤ 𝟐𝟔. 𝟓𝟏

We are 95% confident that the population mean 
is between 25.49 and 26.51, (𝟐𝟓. 𝟒𝟗 , 𝟐𝟔. 𝟓𝟏).

𝟗𝟓%

t = −2.021 t = 2.021

µ = 25.49 µ = 26.51

Example 4 

Given 𝑛 = 5, ഥx = 30 and 𝑠 = 1.45, normally 

distributed. Estimate the population mean 

with a 90% confidence interval. 
∝

2
=

0.1

2
= 0.05

Critical value = 𝑡𝑛−1 = 𝑡5−1= 𝑡4   
=2.132  

µ = ഥ𝒙 ± 𝒕𝒅𝒇  (
s

𝒏
)

   = 30 ±(𝟐. 𝟏𝟑𝟐)(
𝟏.𝟒𝟓

𝟓
)

   = 30 ±(𝟐. 𝟏𝟑𝟐)(𝟎. 𝟔𝟒𝟖)
   = 30 ±𝟏. 𝟑𝟖 

𝟐𝟖. 𝟔𝟐 ≤ µ ≤ 𝟑𝟏. 𝟑𝟖

We are 90% confident that the population mean 
is between 28.62 and 31.38, (𝟐𝟖. 𝟔𝟐 , 𝟑𝟏. 𝟑𝟖).

90%
t = −2.132 t = 2.132

µ = 28.62 µ = 31.38

Practical Question - t  Distributions
Exercise 9.37 What is the appropriate t critical value for part a, c and e 
(page. 481)

a. 𝐶𝐼 = 95%,  𝑛 = 17

t critical value = 𝟐. 𝟏𝟐

𝑐.  𝐶𝐼 = 99%, 𝑛 = 24

t critical value = 𝟐. 𝟖𝟎𝟕

𝑒.  𝐶𝐼 = 90%, 𝑛 = 13 

t critical value = 𝟏. 𝟕𝟖2

Conclusion
➢ Define Confidence Interval 

➢ Confidence Interval for a Population Mean, µ

➢ Population Standard deviation, σ is known 
➢ z score 

➢ µ = ഥ𝒙 ± 𝒛∝

𝟐
 (

σ
𝒏

)

➢ Population Standard deviation, σ is NOT known
➢ t distribution 

➢ µ = ഥ𝒙 ± 𝒕𝒅𝒇 (
s
𝒏

)
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